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Modeling gene’s length distribution in genomes
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We show, that the specific distribution of gene’s length, which is observed in natural genomes,
might be a result of a growth process, in which a single length scale L(t) develops that grows
with time as t1/3. This length scale could be associated with the length of the longest gene in
an evolving genome. The growth kinetics of the genes resembles the one observed in physical
systems with conserved ordered parameter. We show, that in genome this conservation is guaranteed
by compositional compensation along DNA strands of the purine-like trends introduced by genes.
The presented mathematical model is the modified Bak-Sneppen model of critical self-organization
applied to the one-dimensional system of N spins. The spins take discrete values, which represent
gene’s length.
PACS numbers: 82.39.Pj, 89.75.Da, 87.15.Aa, 89.75.Fb
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I. INTRODUCTION
Can we model main features of the biological pro-
cesses leading to the gene’s length distribution in nat-
ural genome? The problem still is open. We do not even
know what the processes are. In Fig. 1, we have shown
an example of the gene’s length distribution in Saccha-
romyces cerevisiae genome together with ORF’s (Open
Reading Frame) length distribution. Generally, any se-
quence starting with codon ATG and ending with one of
three stop codons: TAA, TGA or TAG is called ORF.
Here, the symbols A, T, G, C denote DNA nucleotides.
In practice, the ORFs consisting of more than k = 100
nucleotide triplets (one nucleotide triplet codes for one
amino-acid) are considered to be coding, whereas short
ORFs are considered to be random sequences. The gene’s
and ORF’s size distribution share common properties in
all natural genomes. It is worth emphasizing that the
DNA replication and transcription processes have differ-
ent organization in prokaryotic organisms and eukaryotic
organisms. In prokaryotes, there exists only one region
of the origin of replication (ORI), the role of differently
replicating DNA strands (called leading and lagging) is
established and the transcription is closely related to
the replication process, whereas in eukaryotes, there are
many sites of the origin of replication, the role of DNA
strands may be changed in successive replication cycles
and the transcription occurs at different times than the
DNA replication. Moreover, there exist the different dis-
tributions of coding sequences on chromosomes in both
types of organisms. The majority of genes are preferably
located on the leading strand in prokaryotes whereas in
eukaryotes we can find regions of chromosome that are
rich and poor in genes usually related to the isochoric or-
ganization of chromosomes. Genes might have different
origination, different arrangement on DNA sequences and
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they also might be coupled in functional clusters (e.g.,
see review paper by Wolfe and Li [1]). It is accepted that
the observed long-tail structure in length distribution of
ORFs, as in Fig. 1, results from the direct selective pres-
sure (e.g., [2],[3],[4]).
Li et al. [5] have studied the statistical properties
of Saccharomyces cerevisiae genome and they have ob-
served the compositional non-randomness in this genome
at large length scales including very long and very short
genes. In particular, the authors concluded that long
genes (ORFs) cannot have a random origin.
There was the long-time discussion, between physi-
cists, mathematicians and geneticists, on long-range cor-
relation of nucleotides along DNA strands, which was
started in 1992 by Li [6], Peng et al. [7], and Voss [8]. At
the beginning, it was stated that the long-range correla-
tion is observed only in non-coding sequences, whereas
coding sequences resemble random sequences, with one
exception: the evidence of triplet structure of genetic
code. Later on, it was shown that also coding sequences
can be correlated ([9], [10]). Recently, Vaillant et al.
[11] have suggested that the existence of the long-range
correlation up to the distances 20 – 30 kbp can be con-
nected with the nucleosomal structure and dynamics of
the chromatin fiber .
There is a very spectacular property of genes, that if all
coding sequences are taken together, they appear as com-
positionally random sequences in the length of scale of
the whole genome (white noise power spectrum in Fourier
analysis). In the following two subsections, we will show,
that the reason for this behavior is, that the coding se-
quences try to compensate purine-like bias introduced
by nucleotides they are composed of. The compensation
takes place both with the help of other coding sequences
and also with non-coding sequences. Some properties of
this finding were already published in 1996 [15] and now
we come back to it. We will also use the Jensen-Shannon
divergence [12] to show this compensation property as
entropic uniformity of DNA coding sequences.
In the paper by Dembska et al. [13], in which the possi-
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FIG. 1: Distribution of gene/ORF sizes in the Saccharomyces
cerevisiae genome. There are 5850 genes and 281361 ORFs.
The continuous lines, which are plotted for the better data
presentation, represent the averaged number of ORFs/genes
in classes of the length of 10 triplets.
ble effect of food-chain correlation on nucleotide fraction
of competing species was considered, the authors sug-
gested that genes in a genome might experience similar
self-organization mechanisms as the species in the Bak-
Sneppen model of evolution [14]. If this this is correct,
the location of genes in genome and gene’s size represent
a process, which is very far from the equilibrium with
events corresponding to the avalanches phenomenon in
the Bak-Sneppen model [14]. We have followed this idea
and introduced a spin model representing genes on two
DNA strands. In this model the distribution of spin size
shares many features common with the distribution of
ORFs and genes in natural genomes. In particular, two
distinct parts in the size distribution, for small ORFs
and for long ORFs (genes) may be distinguished, as in
Fig. 1. We have shown, that the tail-like part of this
distribution, representing genes, develops in time as t1/3.
A. Symmetry triplet and anti-triplet
The observation of compositional uniformity of coding
sequences in DNA strands is closely connected with the
expectation that in ideal genome numbers of nucleotides
should satisfy the balance condition, A = T and G = C,
in each DNA strand. A short review of the experimental
data and comments on them can be found in the pa-
per by Lobry and Sueoka [16]. How strong the trend is
can be seen in Fig. 2 (some results have been published in
[15]), where we have plotted the distribution of nucleotide
triplets used by long ORF, longer than 150 triplets, in
the Saccharomyces cerevisiae genome. We might deduce
from Fig. 1 that almost all these ORFs are genes. As
in [15], we have divided all 64 triplets into two groups:
the group rich in purines and the other rich in pyrim-
idines. We called them triplets and anti-triplets, respec-
tively. The bottom part of Fig. 2 is the most interesting
one, because it shows the strong triplet and anti-triplet
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FIG. 2: Joint histogram of the usage of triplet and anti-triplet
in all 16 chromosomes of Saccharomyces cerevisiae genome:
the upper part of the figure is solely for ORFs (≥ 150 triplets)
on the strand W of these chromosomes, whereas the bot-
tom part has been made both for ORFs (≥ 150 triplets) on
the strand W, as above, and the antisense of ORFs (≥ 150
triplets) from strand C, i.e. their triplets are read on W in
direction of W, e.g., for triplet ATG on C strand its antisense
is read as CAT on W strand.
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FIG. 3: Histogram of using triplet and anti-triplet of ORFs (≥
150 triplets) in Borrellia burgdorferi genome. The meaning of
the upper part of the figure and the bottom part is the same
as in Fig. 2.
symmetry in the nucleotide content of genes if the cod-
ing information is read in one DNA strand only (Watson
or Crick). It is evident that the genes of Watson strand
try to compensate genes of Crick strand. This finding
is non-trivial because the analyzed genes do not overlap!
This means, that the distinct DNA regions do compen-
sate with each other. Thus, genes occupy the positions
in which the trends introduced by them are compensated
on the same strand by the sequences complementary to
the genes of the opposite strand. In the Saccharomyces
cerevisiae genome, the same triplet and anti-triplet sym-
metry holds on many legths of scales in each of 16 chro-
mosomes [15]. This is not the case in bacterial genomes,
like in Fig. 3, where the symmetry can be observed only
on the length scale of the entire genome.
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FIG. 4: Dependence of the value Djs on position on the DNA
sequence of the Borrellia burgdorferi chromosome, in which
the DNA sequence is partitioned into two segments, left- and
right-side segment. The larger value of Djs the larger the
compositional differences in the left and right segment. Here,
the largest value of Djs is at the ORI location (458476 bp).
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FIG. 5: The same as in Fig. 4 but for chromosome X of the
Saccharomyses cerevisiae genome. The vertical lines repre-
sent ARS location (Autonomously Replicating Sequence).
B. Jensen-Shannon divergence
The specific compositional compensation of genes dis-
cussed in the above subsection can be observed also with
the help of entropy. We have calculated the Jensen-
Shannon divergence [12], Djs, along DNA strands of the
genomes under consideration. The two particular exam-
ples, one for prokaryote and one for eukaryote, are shown
in Figs. 4 and 5, respectively.
The Jensen-Shannon divergence has been used in
the segmentation algorithm described first in Bernaola-
Galva´n et al. [12] to detect compositionally different re-
gions of DNA. In this method a DNA sequence, which
is L nucleotides long is partitioned into two segments at
some nucleotide position i (1 ≤ i ≤ L − 1) and next,
the Shannon entropy is calculated both for these two
segments and the entire DNA sequence. The Jensen-
Shannon difference at the position i is defined as follows
Djs(i) = H(p1 F1 + p2 F2)− p1H(F1)− p2H(F2), (1)
where H(F1) and H(F2) represent the Shannon en-
tropy for nucleotide fraction F1 = {F
(1)
A , F
(1)
T , F
(1)
G , F
(1)
C }
of the segment (1) and nucleotide fraction F2 =
{F
(2)
A , F
(2)
T , F
(2)
G , F
(2)
C } of the segment (2), and p1 = i/L,
p2 = (L− i)/L are the weight factors for the segment (1)
and (2), respectively. The entropy is defined as follows
H(F ) = −
∑
k=A,T,G,C
Fk log(Fk). (2)
We have used the above method of the entropy differ-
ence with a small modification, that the nucleotide frac-
tion Fk was restricted to genes only and not to the entire
DNA strands as in [12]. Thus, in Figs. 4–5 only the het-
erogeneity of coding sequences was hunted for. We have
obtained similar results for other bacterial genomes, like
Escherichia coli genome, Mycoplasma genit. etc. How-
ever, we have not studied eukaryotic genomes other than
the Saccharomyces cerevisiae. It is interesting to notice
in these figures that the compositional heterogeneity in-
troduced by leading and lagging DNA strands (enhance-
ment at the ORI region) practically dissapears in the case
when both genes from Watson strand and Crick strand
are taken into account. In Fig. 4, the curve W+C prac-
tically lies on the abscissa on the length scale used in
the figure. A similar trend can be observed in Fig. 5, in
which genes from Watson and Crick DNA strands try to
compensate any heterogeneity introduced by them. The
observed asymmetry is evident only in the telomeric re-
gions of chromosome.
The presented examples confirm the discussed above
triplet and anti-triplet symmetry of the coding sequences
in the entropy language.
II. GENES AS A SPIN MODEL
In the Introduction, we have presented two observa-
tions of compensation of the gene’s compositional asym-
metry along each DNA strand. This property is analo-
gous to the condition, A ∼ T and G ∼ C, in each DNA
strand of a natural genome.
If we take into account the specific purine-like bias in
gene’s nucleotide composition, we could agree that in the
zeroth order approximation the genes could be treated
as rigid rods. In addition, if we make the distinction
between genes of Watson and Crick strands assigning
a different direction to each rod, we obtain a model of
spins represented by arrows directed up and down. The
spin size is represented by the length of gene counted in
nucleotide triplets. In this simplified model, the gene’s
compensation takes place if its neighboring spins have
the same absolute value but the opposite sign (direction)
or a gene is compensated by a few smaller genes - spins
4with the opposite sign. Thus, we forget about all the
details concerning nucleotides. Only the gene’s length is
discussed.
In our model, the magnitude of compensation of each
gene is considered to be its fitness parameter in the
genome. If Si denotes spin i, which may take both posi-
tive and negative value, the fitness parameter of the gene
i, represented by this spin, is defined as follows:
Bi = 1− |
i+n∑
k=i−n
Sk|/
i+n∑
k=i−n
|Sk.| (3)
It takes values from the unit interval [0, 1] and n repre-
sents the number of left-hand and right-hand neighbors
of spin (gene) i. Notice, that if all spins in the neigh-
borhood of Si had the same sign as Si then Bi = 0. We
have Bi = 1 only if all 2n + 1 spines are compensated.
Notice also that in the formula in Eq.(3) there is no di-
rect dependence on the absolute value of the spins but
the compensation of incompatibility is only taken into
account.
In natural genome, genes code some function of an
organism. They experience the mutation and selection
pressure. The genes may be eliminated, adapted to new
nucleotide arrangement or duplicated. They can even
jump between DNA strands ([17]–[18]) to survive selec-
tion. Thus, the distribution of gene’s length in the nat-
ural genome is the result of a complex process but not
the result of the static property of the coding demands
only. As we have mentioned in the Introduction, we have
chosen the Bak-Sneppen [14] dynamics as a candidate
for modeling such a process. The original Bak-Sneppen
model describes the co-evolution of N species, where the
species are represented by sites (i = 1, 2, . . . , N) of lin-
ear chain. The sites are assigned a value Bi from the
unit interval [0, 1], which measures the surviving fitness
of the species i. The dynamics of the model is based
on a very simple rule that in every discrete time step t,
the species i with minimum fitness Bi is looked for and
next the species i is replaced by a new one together with
the species from the nearest-neighborhood of i - all these
sites are assigned new fitness.
We have adapted some features of the Bak-Sneppen
dynamics to our spin model. The fitness condition has
been defined in Eq.(3). We should bear in mind, that
in our model the spin size represents the gene’s length
and by this it has an integer value. Therefore, we might
expect a degeneracy in the number of the spins with the
same value of the smallest fitness Bi. If it happens, we
remove at the same time step all these genes together
with their surrounding and replace them with the new
ones. In spin language, this means that the new value,
Snew, is substituted for the old one. However, contrary
to the original Bak-Sneppen model, we change the spin
value in a continuous-like way, i.e.,
Snew = Sold +∆S, (4)
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FIG. 6: Snapshot at time t = 50 × 106 MC of the avalanche
region in spin configuration (the upper part) and the same
region for spin fitness in the case of adapting neighborhood
with n0 ≤ n = 10. At this time moment < n0 >= 2.41,
where the brackets denote arithmetic mean for N = 10000
spins. The horizontal dashed line represents global fitness,
which is equal Bc = 0.9298 at t = 50 × 10
6 MC. The value
p/T = 0.004. Initially, all N spins were assigned random ±1
values.
where ∆S is chosen randomly from the given interval
[−D,D] and D takes a small value in our simulations.
Notice, that this equation describes the growth kinetics
if ∆S takes small values. For large values of |∆S| the
spins are assigned new random values as in the limiting
case of the Bak-Sneppen model, i.e., Snew = ∆S. In
Eq.(4), we determine the value of ∆S with the help of
the Metropolis version of the Monte Carlo algorithm as
follows:
(i) determine a new value of spin S = Sold+D− 2γD,
where γ is a standard random deviate from unit
interval,
(ii) if(|S| − |Sold| < 0) then accept the new value of
spin, Snew = S,
else take the new random deviate γ and if (γ <
exp(− pT (|S| − |Sold|)) then accept Snew = S, oth-
erwise Snew = Sold.
Here, p plays the role of tension coefficient and the tem-
perature T determines a noise level. In the model, the
tension could be interpreted as the result of compro-
mise between selectional and mutational pressures lead-
ing to the specific purine-like compositional bias of gene,
which should be compensated somewhere along the DNA
strand. On the other hand, the longer gene the larger the
probability of its mutation. Therefore, if the ratio p/T is
large the new length L = |Snew | will be decreased rather
than increased. Hence, we are left with only three pa-
rameters, which control the spin value (gene’s length):
the fitness, B, the number of the nearest neighbors, n,
in the meaning of the Bak-Sneppen model [14], and the
reduced tension coefficient p/T .
The whole algorithm, used in our simulations, is the
following:
51. Initially, all spins Si (i = 1, . . . , N) take random
integer values from the given interval [−D,D], e.g.,
D = 1. There are applied cyclic boundary condi-
tions, i.e., SN+1 = S1.
2. Look for the spins Si with the smallest fitness Bi,
where Bi is calculated for the self-adapting neigh-
borhood. The self-adapting nearest neighborhood
of each spin Si is determined by such number of
2n0 spins ( n0 ≤ n), that satisfy the best compen-
sation of Si within the range of 2n neighbors. If
all 2n spins of the nearest neighborhood of Si are
pointing out the same direction, then the value of
n0 is set to n0 = n.
3. Change spin values from Sold to Snew of all spins
which have been found with the smallest fitness as
well as the 2n0 spins from the nearest neighborhood
of them, according to the kinetic equation in Eq.(4).
Notice that even if initially all spins take random small
values, then once they have random sign, they produce
large linear tension, proportional to B =
∑N
i Bi. In the
model, this tension can be reduced with the help of Eq.(4)
applied only to these spins which have got the smallest
fitness. This simple process producess a global threshold
fitness Bc which separates spins with the fitness above
Bc and spins with the fitness below Bc. The larger value
of Bc the stronger the competition between spins. One
can observe evolution of the fitness Bi (i = 1, . . . , N)
of individual spins, which is analogous to the one in the
Bak-Sneppen model of species evolution [14]. This could
also be deduced from Fig. 6, where the snapshot of an
active avalanche has been shown for the configuration of
500 spins located in this region together with their fitness
values Bi. In this case the simulated system consists of
N = 10000 spins which initially took random values ±1.
Interestingly, the optimum average number of left (right)
neighbors, < n0 >≈ 2.4 is much smaller than n in the
simulations performed for n = 10.
In the left-hand part of Fig. 7, we have plotted the
frequency P (L) of absolute spin values, L = |S|. The
right-hand part of the figure is the same but the value L
has been rescaled with t1/3, where t represents discrete
time moment at which the particular distribution P (L)
was prepared. One can notice from the figure that these
distributions have two distinct wings which correspond to
small values of L and large values of L. The right wing
of the distribution contains the tail-like structure, which
develops in time as t1/3. This specific shape of the distri-
bution P (L) originates from the long living spin config-
urations which spontaneously appear in the system after
long simulation run. They contain spins with the large
value of L, which are accompanied by spins of opposite
sign. They are also large, of the order of magnitude of L,
or there are a few smaller spins compensating the large
one. The left wing which corresponds to small spins has
been created both by small spins compensating the large
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FIG. 7: Distribution of absolute values of spin at different
discrete time steps t = 1 × 106, 1 × 107, 2 × 107, 4 × 107, 6 ×
107, 8×107, 1×108MC, when number of spinsN = 10000. The
right-hand part of the figure is the same as in the left part
but spin size L = |S| has been divided by t1/3. The given
parameters: p/T = 0.004, n = 10, ∆S ∈ [−3, 3]. Initially, all
spins take the values ±1 randomly.
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FIG. 8: Left: distribution of ORF size in chr. IV of the
Saccharomyses cerevisiae genome and random chromosome,
distribution of spin size at t = 5.5 × 106 MC in a system
with parameters as in Fig. 7. Right: Same as in the left
but for total genome (16 chromosomes) and a system of N =
108 spins, where for 30% of them ∆S ∈ [−500, 500], p/T =
0.004 and for 70% of them ∆S ∈ [−3, 3], p/T = 0.0002. The
presented data have been averaged in classes of the length of
10 triplets.
ones as well as a large number of small spins representing
noise.
It is a situation which has some features common with
non-equilibrium experiments on surface diffusion (e.g.
[19]), where adsorbate evolves from an initial overlayer.
In these experiments, the time dependence of the dif-
fusing adsorbate is visualized with the help of the con-
centration profile. The spreading overlayer may undergo
series of phase transitions which manifest themselves in a
terrace-like concentration profiles. The adsorbate struc-
tures represented by these terraces correspond to do-
mains of new phases which grow with time according to
the power law
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FIG. 9: Chr. IV of Saccharomyces cerevisiae genome: spin
representation of ORFs (longer than 150 triplets), which have
been ordered with respect to location on DNA sequence of
their codon START. The corresponding fitness in adapted
neighborhood has been plotted for a given n = 10 nad n = 50.
We have got < n0 >≈ 2.6 and < n0 >≈ 4.9, respectively.
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FIG. 10: Borrellia burgdorferi genome: the same as in Fig. 10
but n = 10 nad n = 100. The values of < n0 >≈ 1.3 and
< n0 >≈ 13.2, respectively. The vertical line has an index of
ORF, which is closest to ORI.
L(t) ∼ tα, (5)
where L(t) represents the linear size of domain and α is
the growth exponent (see e.g. discussion in [20]). This
type of physics is a fragment of general domain growth
problem [21], where the disordered phase of a physical
system is quenched to an ordered phase (T < Tc) and
the system evolves in time by forming domains of differ-
ent ordered phases in order to reduce the total surface
tension. The large domains grow at the expense of the
small ones. Typically, such a system develops a single
length scale, L(t), that grows with time as in Eq.(5).
The growth exponent α is equal to 1/3 for systems with
conserved order parameter and 1/2 for systems with non-
conserved order parameter.
In our case, the one-dimensional system of N spins
is very far from equilibrium, where spins are correlated
according to the self-organization mechanism of the Bak-
Sneppen model. The observed t1/3 power law behavior
for large spins suggests that the system has properties of
a physical system with conserved order parameter. This
is consistent with our choice of the fitness parameter in
Eq.(3). Just the selection for the property that the value
of the sum of all spins pointing up approaches the ab-
solute value of such sum for the spins pointing down,
guarantees this demand.
As pointed out in the Introduction, the distribution
of ORF’s length in Fig. 1 has two characteristic wings,
where the left one represents rather random short se-
quences, whereas the right one represents long sequences,
mostly genes. In Fig. 8, we have compared the distribu-
tion P (L) of spin size L = |S| resulting from our model
with the analogous distribution in the natural genome.
Moreover, the results of the analysis of random chromo-
some of the same nucleotide composition as the chromo-
some IV of the Saccharomyces cerevisiae genome have
been plotted. The analytical formula for P (L) of ran-
dom chromosome has been published in Eq.(7) in [13].
The reason for the terrace-like shape of the tail part of
P (L) in the total genome and the lack of it in the tail of
single chromosome which also contributes to this shape,
is that the results of 16 chromosomes are presented to-
gether. In order to obtain this terrace-like shape we have
assumed that there are two groups of spins evolving with
different speed. The results of the computer simulations
have been presented in the right-hand part of the figure.
It is important to remember, that the scaling law, t1/3,
which we have got for spin evolution, holds only if ∆S in
Eq.(4) takes small values and if we can ignore finite size
effects. It is always possible to accelerate the computer
simulations, even a few times, if ∆S is increased. Then,
we would have still the t1/3 power law with the effect as
if we had used a larger time unit. However, in the case
of too large a value of ∆S, very quickly the number of
small spins becomes too small to cover the compensation
demand for ∆S and the growth process stops rapidly.
This is as in grain growth physics, that large grain grows
at the expense of smaller grains.
In Figs. 9 and 10 we have presented the distribution of
genes in the chromosome IV of the Saccharomyces cere-
visiae genome and in the Borrellia burgdorferi genome
with the help of spin representation. The results for the
fitness calculated in an adapted neighborhood for a given
value of n have also been plotted. These two figures could
be compared with the snapshot of spin configuration and
their fitness distribution in our simulations presented in
Fig. 6. We can notice that the results of simulations are
closer to those from Fig. 9. Only some fragments look
very similar in Borrellia burgdorferi genome. This obser-
vation could also be confirmed by the optimum value of
the average < n0 > for a given n in these examples. In
the case of n = 10, we have got < n0 >≈ 2.6 for Saccha-
romyces cerevisiae genome, < n0 >≈ 1.3 for Borrellia
burgdorferi genome and < n0 >≈ 2.4 for the snapshot in
Fig. 6 from the simulations of spin system.
7III. CONCLUSIONS
We have shown that the specific two-wing distribution
of ORF size in the natural genome could originate from
the tendency in genome to the balance of the coding se-
quences in two DNA strands. The consequence of this
tendency is that the average gene’s length might follow
the t1/3 power law of evolution. We have shown this
possibility with the help of the one-dimensional kinetic
spin model, in which spins represent length of ORF, and
they are correlated in accordance with the Bak-Sneppen
model of evolution.
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